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'. Keywords and phrases: Banach function spaces, weights, Hardy type operator, geometric 

mean operator, certain sublinear operator. 

2010 Mathematics Subject Classifications: Primary 46B50, 47B38; Secondary 26D15. 



(N 



1. Introduction. 



>: 

^ ■ The investigation of Hardy operator in weighted Banach function spaces (BFS) have 

\0 • recently history. The goal of this investigations were closely connected with the found of 

criterion on the geometry and on the weights of BFS for validity of boundedness of Hardy 
operator in BFS. Characterization of the mapping properties such as boundedness and 
compactness were considered in the papers [7], [8], [12], [30] and e.t.c. More precisely, in [7] 
and [8] were considered the boundedness of certain integral operator in ideal Banach spaces. 
^ ■ In [12] was proved the boundedness of Hardy operator in Orlicz spaces. Also, in [30] the 

■ compactness and measure of non-compactness of Hardy type operator in Banach function 

spaces was proved. But in this paper we consider the boundedness of Hardy operator in 
p-convex Banach function spaces and find a new type criterion on the weights for validity 
of Hardy inequality. Note that the notion of BFS was introduced in [32]. In particular, the 
weighted Lebesgue spaces, weighted Lorentz spaces, weighted variable Lebesgue spaces, 
variable Lebesgue spaces with mixed norm, Musielak-Orlicz spaces and e.t.c. is BFS. 

In this paper, we establish an integral-type necessary and sufficient condition on weights, 
which provides the boundedness of the multidimensional Hardy type operator from weighted 
Lebesgue spaces into p-convex weighted BFS. We also investigate the corresponding problems 
for the dual operator. It is well known that the classical two weight inequality for geometric 
mean operator is closely connected with the one-dimensional Hardy inequality (see [20]). 
Analogouslythe Polya-Knopp type inequalities with multidimensional geometric mean 
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operator are connected with the multidimensional Hardy type operator. Therefore, in this 
paper, as an application of Hardy inequality we prove the boundedness of multidimensional 
geometric mean operator and boundedness of certain sublinear operator from weighted 
Lebesgue spaces into weighted Musielak-Orlicz spaces. 

2. Preliminaries 

Let /i) be a complete cr-finite measure space. By Lq — LQ{fl, /i) we denote the 
collection of all real- valued //-measurable functions on fl. 

Definition 1. [32, 29, 6] We say that real normed space X is a Banach function space 
(BFS) if: 

(PI) the norm \\f\\x is defined for every ^-measurable function f, and f & X if and 
only if WfWx < oo; = «/ and only if f ^ a.e. ; 

(P2) \\f\\x = \\\f\\\xforallf ex- 
(P3) ifO<f<g a.e., then \\f\\x < hWx] 

(P4) ifO<fn'tf<g a.e., then t ll/IU (P^tou property); 

(P5) if E is a measurable subset of such that IJ>{E) < oo, then \\xe\\x < where 
Xe is the characteristic function of the set E; 

(P6) for every measurable set E (Z ft with IJ>{E) < oo, there is a constant Ce > such 
that Jj^ fix) dx<CE\\f\\x. 

Given a BFS X we can always consider its associate space X' consisting of those 
g E Lq that f ■ g E Li for every f E X with the usual order and the norm = 
sup {11/ ■ g\\Li '■ \\9\\X' < 1} • Note that X' is a BFS in (fi, yu) and a closed norming subspaces. 

Let X be a BFS and be a weight, that is, positive Lebesgue measurable and a.e. finite 
functions on Vt. Let X^^ = {f E Lq : fu G X} . This space is a weighted BFS equipped with 
the norm = (For more detail and proofs of results about BFS we refer the 

reader to [6] and [29].) 

Note that the notion of BFS was introduced in [32]. 

Let us recall the notion of p-convexity and p-concavity of BFS's. 

Definition 2. [43] Let X is a BFS. Then X is called p-convex for 1 < p < oo if there 
exists a constant M > such that for all fi, . . . , fn & X 




if ^ ^P < oo. 
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or 



sup \fk\ 

l<k<n 



X 



< M max ||/fe||x '^fP = oo. Similarly X is called p-concave for 1 < p < oo 



if there exists a constant M > such that for all fi, . . . , fn & X 



Ell/' 



k\\x 



< M 



.k=l 



or max ||/fc||x < M 

l<k<n 



sup \fk 



l<k<n 



A;=l 

ifp — oo. 



if ^ < oo, 



X 



Remark 1. Note that the notions of p- convexity, respectively p-concavity are closely related 
to the notions of upper p- estimate (strong £p- composition property), respectively lower p- 
estimate (strong £p- decomposition property) as can be found in [29]. 

Now we reduce some examples of p-convex and respectively p-concave BFS. Let 
be the n-dimensional Euclidean space of points x — (xi, and let be a Lebesgue 



measurable subset in i?" and I a; I 



1/2 



denoted by \Vt\. It is well known that |-B(0, 1) 



. The Lebesgue measure of a set VL will be 
-, where 5(0, 1) = {x : x E ; 



r(f + i)^ 

< 1} . 

Example 1.1. Let 1 < g < oo and X = Lg. Then the space Lg is p-convex (p-concave) 
BFS if and only ifl<p<g<oo (l<5'<p< c>o.) 

The proof implies from usual Minkowski inequality in Lebesgue spaces. 
Example 1.2. The following Lemma shows that the variable Lebesgue spaces Lg(^y){fl) is 
p-convex BFS. 

Lemma 1. [Ij Let 1 < p < q(x) <q<oo for all y e C R^. Then the inequality 

\Lg(-)(.n2) 



Lp{Qi) 



is valid, where Cp^g = HxAiIL + IIXAalL + P ( - - = HIIxaJL + IIXAalL).? =essmfq{x 



q q 

q = ess supg(x), Ai = {(x, y) E fli x Q2 '■ q{y) = p} , A2 = f)i xf]2\ Ai and f : flixfl2 ^ 
R is any measurable function such that 



^p("i)llL,(.)(n2) 



= inf < /X > : 



^2 



ll/(-,i/)IUp(f^i) 



l^ 



dy<l 



> < 00 



and ||/(-,2/)|Up(ni) 



\f{x,yWdx 



i/p 



Analogously, if 1 < q{x) <p<oo, then Lq(j;)(Q) is p-concave BFS. 

Definition 3. [38, 15]. Let Vt C i?" he a Lehesgue measurable set. A real function </? : 
VL X [0, oo) I—)- [0, oo) is called a generalized ip-function if it satisfies: 

a) (p{x, ■) is a ip-function for all x & fl, i.e., ip{x, •) : [0, oo) i-^ [0, oo) is convex and 
satisfies p{x, 0) = 0, \im^p{x, t) = 0; 

b) ip : X t-^ ip{x, t) is measurable for all t > 0. 

If (/? is a generalized (/^-function on Q, we shortly write 
Definition 4. [38, 14[. Let e $ and be defined by the expression 

pM)-= j Viy^\fiy)\)dy for all / G Lo(fi). 

n 

We put L^ = {f G -C'o(^) ■ Pifi^of) < oo for some Xq > 0} and 

ll/IU,=mf|A>0: <l|. 

The space L^ is called Musielak-Orlicz space. 

Let a; be a weight function on Q, i.e., w is a non- negative, almost everywhere positive 
function on fl. In this work we considered the weighted Musielak-Orlicz spaces. We denote 

L^^^ ^ {f e Lo{n) : fueL^}. 

It is obvious that the norm in this spaces is given by 

ll/lk^.o. = ll/^IU^- 

Remark 2. Let p{x,t) = f^^^^ in the Definition 4, where 1 < q{x) < oo and x E Then 
we have the definition of variable exponent weighted Lebesgue spaces Lq^^) iP) (see [i4[). 

Example 1.3. The following Lemma shows that the Musielak-Orlicz spaces L^ is p-convex 
BFS. 

Lemma 2. [4J Let C and ^2 C i?™. Let {x,t) e x [0,oo), and ip {x,t^/P) e $ 
for some 1 < p < oo. Suppose f : fli x fl2 R- Then the inequality 

IIII/(^'-)IImo.)|L^<2V^ \\\\f{;y)\KLAn.) 

is valid. 
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Definition 5. [38] We say that </? e $ satisfies the A2-condition if there exists K >2 such 
that 

<p{y,2t)<K<p{y,t) (1.1) 
for all y G D, and all t > 0. The smallest such K is called the /S.2-constant of (p. 

Lemma 3. Let if & ^ and 1 < s < q{y) <q< oo. Suppose for all C > the condition 

ip{y,Ct)<C''^y^ip{y,t) (1.2) 

holds, where y G and t > 0. 

Then a function ip satisfies the A2- condition, with constant K — '2fl. 

Proof. Assume that (1.2) holds. Taking C = 2 in (1.2), we have 

ip{y,2t) <2'i^y^ ^{y,t) <Ti ^{y,t). 

Thus the inequahty (1.1) holds with constant K — 2^. 
Lemma 3 is proved. 

It is clear that if (p{x,t) — then condition (1.2) satisfies automatically. 
The following Lemma characterize bounded, sublinear operators from one Musielak- 
Orlicz spaces to another. 

Definition 6. A mapping S from one Musielak-Orlicz space to another Musielak- 
Orlicz space is said to he sublinear if for all f,g E and X> 0, we have 

(1) S{\f) = \S{f)- 

(2) S{f + g)<S{f) + S{g). 

Lemma 4. [15] Let ip,ip & ^ and (p and ip satisfy the A2 condition. Suppose S : L^ ^ L^ 

be sublinear. Then the following conditions are equivalent: 

(a) S is bounded, i.e. there exists C > such that ||'S'/||z,^ < C 

(b) there exists Mi, M2 > such that < =^ (SF) < M2. 

We note that the Lebesgue spaces with mixed norm, weighted Lorentz spaces and 
e.t.c. is p-convex (p-concave) BFS. Now we reduce more general result connected with 
Minkowski's integral inequality. 

Let X and Y be BFSs on (Jli, //) and (Q2, i^) respectively. By X[Y] and Y[X] we denote 
the spaces with mixed norm and consisting of all functions g & Lq (Qi x 0,2, /i x v) such 
that \\g{x, •)\\y e X and \\g{-, y)\\x e Y. The norms in this spaces is defined as 

II^IU[y] = 1111^(2^, ■)\\y\\x, \\9\\y[x] = \\\\g{-, y)\\x\\Y- 
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Theorem 1. [43] Let X and Y be BFSs with the Fatou property. Then the generalized 
Minkowski integral inequality 

\\f\\xlY]<M\\f\\y[X] 

holds for all measurable functions f{x,y) if and only if there exists 1 < p < oo such that 
X is p-convex and Y is p-concave. 

It is known that X\Y\ and Y[X\ are BFSs on Qi x Q2 (see [29].) 

3. Main results. 



We consider the multidimensional Hardy type operator and its dual operator 
Hf{x)^ J f{y)dy and H*f{x)^ J f{y)dy, 



\<\x\ 



\y\>\A 



where / > and x e i?". 

Now we prove a two-weight criterion for multidimensional Hardy type operator acting 
from the p-concave weighted BFS to weighted Lebesgue spaces. 

Theorem 2. Letv{x) andw{x) are weights onRJ^. Suppose that X^j be a p-convex weighted 
BFSs for 1 < p < 00 on R^. Then the inequality 



ll^/llx. <^ll/lk„ 
holds for every / > and for all a e (0, 1) if and only if 



A{a) = sup 
00 



\y\<t 



\ 



dy 



J 



X{\z\>t}[-j 



( 



\y\<\-\ 



dy 



p' 



J 



Moreover, if C > is the best possible constant in (3.1 ), then 



sup 

0<a<l 



l/p 



<C<M inf 



0<a<l (1 - Q;)Vp'' 



Proof of Theorem 2. Sufficiency. Passing to the polar coordinates, we have 
/ 

My)- 



\^\<\y\ 





a 

V 


1 \y\ 


( 




\ 


P'dz 








-p'd^ 


ds 


) 








) 


1 



(3.1) 



< 00. (3.2) 



where is the surface element on the unit sphere. Obviously, h{y) — h{\y\), i.e., h{y) is a 
radial function. 

Applying Holder's inequahty for Lp{R^) spaces and after some standard transformations, 
we have 





J f{y)dy 






\y\<\-\ 


X 



w 



(■) / [f(y)h{y)v(y)][h(y)v(y)r'dy 



< 



V 



1-1 1 



^Lp{\y\<\-\) II L"--^] llLy(|j;|<|.j) 
1-1 II 



w{-) Wfhv 

w{-)fhvX{\y\<\.\}iy) \\[hv] 

^^//i^^X{M<W}(-)||[^^]"'L^,(|.|<|,|) 
Applying Theorem 1, we have 

w//i^;x{|.|<|x|}(-)||[^^]"'IL,(|.|<l^l) 



X 



X[Lp] 



X[Lj,] 



< M 
= M 
= M 



wfhvx{\-\<\x\}i-) \\[hv] ^11^ 



t^{-)fhvx{\y\<\-\}{y) \\[hv] ^11^ ^ 



l<l^l) 



LplX] 



p'{\y\<\-\) 



fhv 



w{-)x{\y\<\-\}{y) \\[hv] '11^^ 



(|2/|<M) 



By switching to polar coordinates and after some calculations, we get 



\Lp'{\y\<\^\) 



[h{\y\)v{y)]-^'dy 



iy\<\^\ 



( \A 



1^1=1 



dr 



I 



v 




{I -a) 



i/p' 








—a. 


{ f ^ 


\ 




ds 




J [vH)]-'' d^ 




) 








I 



l/p' 



n-l 
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l-a- 



l/p' 



Hsor^'d^ 



ds 



dr 



J 



I 





( 




\ 




/ 




ds 






) 


J 



Therefore from the condition (3.2), we obtain 



1 ^ 



(1-a) 



i/p' 



\ 



[v{z)]-P' dz 



l-g 
p' 



J 



fhv 



^{■) X{\y\<\-\}{y) \\[hv] '11^ ^ 



(13/KM) 



1 



(1 - a)^/^' 
Thus 



fv h X{\-\>\y\} 



\\Hf\W < M 



\ 



[v{z)]-P' dz 



\^\<\-\ 

A{a) 



I 



< — ^ ll/^IL 



(1-a) 



i/p' 



for aU a e (0, 1). 



(1 - af^^' 

Necessity. Let / e Lp^y (i?") , / > and the inequahty (3.1) is vahd. We choose the 
test function as 

f{x) = YZT^ [9{t)r^~^ v-P'{x) X{\x\<t}{x) + [g{\x\)]~^'pv-P'{x) X{\x\>t}{x), 
where i > is a fixed number and 

'r I r \ 

ds. 

It is obvious that — = / {trj) drj. Again by switching to polar coordinates, from 

dt J 

\v\=i 

the right hand side of inequahty (3.1) we get that 

/ (^Y^y [9{tT"^~^^~^ v-''' (x) dx + J [g{\x\)]-''^P-^^-^ v-P' (x) dx 

\ 



t 


/ 


\ 


9{t)= J v-P\y)dy = J s--' 




~P {sT]) df] 


\y\<t 


\ri\=l 


J 



\x\<t 



\x\>t 



1/p 



(p-i)-i 



1 i/p 



v-''H)di 
1 i/p 



dr 



I 



1 — a 



a{p — 1) J dr 



d 
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/ \ p 













-a(p-l) |" 









1/p 



< 



p 



I \ p 



+ 



1 — a J a(p — 1) 



i/p 



p 



+ 



1 — a J a{p — 1) 



i/p 



[hit)]-\ 



After some calculations, from the left hand side of inequality (3.1), we have 

X{\-\>t} J f{y)dy 





/ f{y)dy 


> 




y\<\-\ 





X{\-\>t} 



X{\-\>t} 



p 



1 — a 



mrP-'^v-^'iy) dy+ J [g{\y\)r^~-^v-P'{y) dy 

t<\y\<\-\ 
I 



M 



p 



\ — a 



V ^ [rrf) df] 



\ \ 

dr 

) I 



X{M>t} I -^^W)t^ + ^ 



1 — a 



1 — a J dr 

t 



Lit 1 — a 

-r[g{r)]~p^ dr 



X{\-\>t} 
P' 



1 — a 

Hence, this implies that 



T)' 1-a T)' / 1-Q 1-q\ 

T^im^ + • 1)]^ - m]^) 

1 — a 1 — a \ / 

X{M>t} b(-)]^ 



p 



1 — a 



p 



I \p 



+ 



1 — a J a{p — 1) 



-i/p 



[gitp X{\.\>t}[g{-)]~-''^ 



I.e., 



p'A{a) 



^ < C for all a E (0, 1). 



This completes the proof of Theorem 2. 

For the dual operator, the below stated theorem is proved analogously. 

Theorem 3. Letv{x) andw{x) are weights onR^. Suppose thatX^j he a p-convex weighted 
BFSs for 1 < p < oo on FT. Then the inequality 



\H*f\\x^ < C ||/||^_ 
9 



(3.3) 



holds for every / > and for all 7 e (0, 1) if and only if 



( 



B{l) 



sup 

t>0 



\ p' 



Hy)]-"' dy 



\y\>t 



J 



( 



X{\z\<t)[ 



1-7 

v' 



{V 



dy 



\y\>\-\ 



< 00. 



Moreover, if C > is the best possible constant in (3.3) then 



sup 

0<7<1 



(1-7) 



P' 
1-7 



+ 



7(p-l) 



l/p 



<C <M inf 



o<7<i (1 - 'yy/p' ' 



Corollary 1. Note that Theorem 2 and Theorem 3 in the case = Ly^^^, (x,t^/^) G $ 
for some I < p < 00, x e i?" was proved in [4]. In the case = Lq ^i 1 < p < q < 00, 



for X e (0, 00), a 



s-l 



and s e (1, p) Theorem 2 and Theorem 3 was proved in [46]. 



p-1 

For X El BP' in the case X^^ — Lq(^x),w (^i^-d 1 < P < q{x) < ess sup q{x) < 00 Theorem 2 
and Theorem 3 was proved in [3] (see also [2]). 

Remark 3. In the case n — 1, X^ = Lg^^, I < p < q < 00, at x G (0,oo), for classical 

Lebesgue spaces the various variants of Theorem 2 and Theorem 3 were proved in [20], 

[10], ]27], ]28], [36], [37[, [45] and etc. In particular, in the Lebesgue spaces with variable 

exponent the boundedness of Hardy type operator was proved in [13], [I4], [17], [21], [26], 

[34], [35[ and etc. For X^^ = Lq{x),wi 1 < P < q{x) < ess sup q{x) < 00 and x e [0, 1] 

xe[o,i] 

the two-weighted criterion for one- dimensional Hardy operator was proved in [26]. Also, 

other type two-weighted criterion for multidimensional Hardy type operator in the case 
Xy, — Lq(x),wi 1 < P < q{x) < ess sup q{x) < 00 and x & was proved in [34] (see also 

[35]). In the papers [9] and [42] the inequalities of modular type for more general operators 
was proved. Also, in [11] the Hardy type inequalities with special power-type weights in 
Orlicz spaces was proved. 



4. Applications. 



Now we consider the multidimensional geometric mean operator defined as 

/ 



Gf{x) = exp 



v 



|S(0 



B(0, \x\. 
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where / > and \B{0, \x\)\ = \B{0, 1)| It is obvious that G (/i • /a) (x) = ^^(x) • 
G'/2(x). 

We formulate a two-weighted criterion on boundedness of multidimensional geometric 
mean operator in weighted Musielak-Orlicz spaces. 

Theorem 4. Let ip (^x.t^^^^ G $ for some < p < oo and x £ R"^. Suppose that v{x) and 
w{x) are weight functions on RJ^. Then the inequality 



\\Gf\\ 



(4.1) 



holds for every / > and for all s & {l,p) if and only if 

( 



D{s) =sup|S(0,t)|V 



t>o 



X{\z\>t}[ 



\B{0, 



exp 



V 



5(0,1-1) / 



<oo. (4.2) 



Moreover, if C > is the best possible constant in (4-i) then 



sup 



, ,- D{s) <C < inf e~ D{s). 

s>i (e* + ^) 



s-1 



Proof of Theorem 4- Let a — , where 1 < s < p. We replace / with f^, v with v^, 



w with 



w'^i^x) 



p-i 



< /3 < p, and p with ^ and (p{x, t) with (p (x, t^'^) in (3.1), (3.2), 



p 

we find that for 1 < s < — 



|S(0, 



H{f^) 



( 



|S(0, 



f\v)dy 



<Cp [f{y)v{y)Ydy 



Then the inequality 
/ 



1 



V 



|B(0, 



\ 



f^{y)dy 



s(o,M) 



< c 



V/3 



i/p 



"dy 
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(4.3) 



holds if and only if 

's - r 



p-1 



sup 

t>0 



s-1 

p 



_J3p_ 

[v{y)] p-f dy 



\<t 



X{\z\>t}{-) 



|5(0, 



p-l3s 
\ Bp 



\y\<\ 



and 



sup 

l<s<i 



p-sj: 



E 

^ s-1 



By the L'Hospital rule, we get 



B^{s,^) <Cp<2v inf 



p-(5 



i<^i<§ \p — sf3 



P-/3 



B^{s,^). (4.4) 



lim 



1 



\B(Q,\x\)\y- 



/3s 



p-Ps 
\ /3p 



i<ix| 



/ 



lim exp 



p In 



1 



Bp 



\B{Q,\x\: 



(p - 13s) In / f-" dy 
\]y\<\A 



lim exp 



-iln 



Bp 



\y\<\- 



— exp 



V(y)] dy + 



|j/|<kl 



^ ^ i?/i<i^i 



/3p 



P I ['^(y)] dy 

|2/|<NI 



P \B{0,\x\ 
Therefore 



\B{0,\x\ 



( 



|5(0,|x| 



exp 



|S(0,|x| 



B(o,Ni; 



\ 



lim B(s,/3) -sup|5(0,^)|~ 
^-^+o t>0 



X{|2|>t}(-) 



|S(0, 



exp 



|S(0, 



i?(o,|-|) 



In— -dy 



I 



D{s) < oo 
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and 

Further, we have 
/ 



sup 



.>i (e^ + _l_)Vf ^ ' -/3^+o 



D{s) < Urn C^^ < 2^^P inf D{s). 



S>1 



(4.5) 



hm 

8-^+0 



\ 



\B(0,\x\ 



1//3 



f{y)dy 



B{0,\x\) 



exp 



V 



\B(0, \x\ 



In f{y) dy 



B{0,\x\) 



Gf{x). 



I 



Prom (4.4) it follows that hm Cq — 1, and according to (4.2) and (4.5) hm C)!^ — C < oo. 
Therefore the inequahty (4.1) is vahd. Moreover, from (4.3) for ^ — > +0 we obtain that 



< C 



and by (4.5) 



sup 



1 ^,r,^{s)<C<2'l'-^^\e-D{s). 



This completes the proof of Theorem 4. 

Remark 4. Let (f{x, t) — and n — 1. Note that the simplest case of (2.4 ) with v — w — 1 
and p — q — 1 was considered in [20] and in [25]. Later this inequality was generalized in 
various ways by many authors in [12, 22, 23, 24, 31, 39, 40, 4^) 46[ and etc. 



Corollary 2. Let (p{x,t) = t'^,0<p<q<oo and let f be a positive function on R"'. 
Then 



J [Gf{x)Y Ixf^ dx\ <C (j Fix) 



1/p 



\x\^P dx 



(4.6) 



holds with a finite constant C if and only if 

nan 
5+-=-+- 
q n p 

and the best constant C has the following condition: 

p JL I -.Nii-i CP (s — l)p t ^ ^ LB(0, l)h p « 
fli — LB(0, l)U V sup ^ — -r- <C < ' ^ ^' 




s>i [(s-l)e^ + l]' 



Remark 5. Let (f{x, t) — andq — p. Then the inequality (4-6) is sharp with the constant 
4n 
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The sufficient conditions for general weights ensuring the vahdity of the two-weight 
strong type inequahties for some subhnear operator are given in the following theorem. 



Theorem 5. Let Lp {x,t^^'^^ E $ for some 1 < p < oo and x E R^. Suppose that v{x) 
and w{x) are weight functions on i?". Let T be a sublinear operator acting boundedly from 
Lp {BP') to Ly, (i?") such that, for any f E Li(i?") with compact support and x ^ supp f 



\Tf{x)\<C f ^^rfy, 

BP- 



(4.7) 



where C > is independent of f and x. Let there exists 1 < p < r{x) < ess sup r{x) < oo 

xeR^ 

such that, for all C > cp {y, Ct) < C"'^^') cp{y, t). 

Moreover, let v{x) and w{x) are weight functions on RP' and satisfies the following 
conditions: 



A = sup 



( 



\y\<t 



\ 



dy 



X{\x\>t} 



\x\ 



( 



\y\<\A 



\ 



dy 



V 



< OO, 



B = sup 

t>0 




\ p' 



viyMT' dy 



I 



X{|x|<t} 



1-fl 



WMV dy 



\y\>\A 



J 



< oo. (4.9) 



There exists M > such that 



sup w{y) < M inf v{x). 

|a;|/2<|2/|<4|j;| |a:|/2<|2/|<4 |a;| 



(4.10) 



Then there exists a positive constant C, independent of f , such that for all f E Lp^^i^K^) 

WTfh,,^ < C||/|U,,,(«n). 

Proof of Theorem 5. Let Z = {0, ±1, ±2, ...,}. For k E Z we define = {x E i?" : 
2*^ < |x| < 2'=+!} , Ek,i = G i?" : |x| < 2''-^} , Ek,2 = {x G i?" : 2^-^ < \x\ < 2''+^} , 
Ek^s = {x E R"" : \x\ > 2*^-1} . Then Ek,2 = Ek-i U EkU Ek+i and the multiplicity of the 
covering {Ek 2}kez ^qual to 3. 

Given / E Lp^y{K^), we write 

12^/(^)1 = E \Tf{x)\xE,{x) < E \Tf,,^{x)\ XE,{x) + ^ |r/,,2(x)| Xe,{x) + 



kez 



kez 



kez 
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where xe^. is the characteristic function of the set Ek, fk,i = fXE^i-, = ^I'^i 3- 

First we shall estimate UTi/H^ . Note that for x G -Efc, y G E^ i we have \y\ < 2^~^ < 
\x\/2. Moreover, fl supp fk,\ — and |a; — y| > \x\ — \y\ > \x\ — \x\/2 — \x\/2. Hence by 
(4.7) 



\TJ{x)\<Cj2i f 



< C 



\fkAy)\ 

\x — y\'^ 



dy Xe^<C 



\y\<\x\ 

for any x & E^. Hence we have 



\x — y\^ 



dy < 2''C\x\ 



\fiy)\ 

\x — y\"' 

<\x\/2 

\f{y)\dy 



dy< 



i<\x\ 



\\TJ\\,^^^<2-C 


\xr 1 \f{y)\dy 




1 \m\dy 




\y\<\^\ 




y\<\x\ 



(f, \x\ ""It) 



By the condition (4.8) and Theorem 2, we obtain 



(4.11) 



where Ci > is independent of / and x G -R". 

Next we estimate 11^3/11^^ ^,(ijn) • It is obviously that, for x G Ek, y G Ek^s we have 
\y\ > 2 \x\ and \x-y\ > \y\ - \x\ > \y\ - \y\/2 = \y\/2. Since E^n supp fk,2, = 0, for x e Ek 
by (4.7), we have 



\Tsf{x)\<C 



\y\>2\x\ 



\m\ 

\x — y\^ 



< 2" C 



\y\>2\x\ 



\m\ 



dy. 



Hence we obtain 



\\Tsf\\r<2-C 



< 2"C 



\f{y)\\yrdy 



J/|>2M 



< 



\m\\y\-''dy 



y\>\x\ 



By the condition (4.9) and Theorem 3, we obtain 

< G 



11^3/11.^ ^ <^2||/||Lp.,(ii"), 



(4.12) 
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where C2 > is independent of / and x E R^. 
Let T : Lp (i?") ^ {R") . We have 



117^^,: 



2 1 XSfc 



By virtue of Lemma 3 it suffices to prove that from ||/||Lp.t,(R") < 1 imphes 

/ ip i y,w E] l^/fe,2| XEk I dx < C, where C > is independent on k G Z. 
In \ kez ) 

Finally, we estimate ||T2/||^^ ^ . By the Lp{R"-) L^{R^) boundedness of T and 
condition (4.10), we have 



E J fiy^'^iy) \Tfk,2{y)\) dy = Yl j ^ {y,cw{y) \\fk,2\\L,{R^) ^^^'^'"'^ 

C.E/(C"fe)IIA.IlM«.))''^f- 

c.E-pK)ll/lkK.)) 



fe>2|ll,p(R«) 



2|lLj,(il")_ 

dy< 



dy = 



'■(^) r I \Th,2\ , , ^ 



kez 



kez 



C\\fk,2\\Lp{R") 

Lp{Ek,2) 



sup 11/ inf v{y)\\^ i^ < C's E W ""WlJe, 



kez 



kez 

inf r(j;) ^ — ^ 

''''' ^^3E>,ii-/iIl...K. 

kez 









r/p 1 




/ [\m\v{i 


i)r dy 






\Ek,2 


) 


\ 



kez. 



r/p 



E / [\fiy)\^iy)r dy 



E 

kez 



Ek-i Ek Efc+i 



r/p 



[\m\v(y)rdy 



J 
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= (sE/ [\f{y)\^{y)r dy 



r/p 



Thus 

11^2/11^^,^ <C||/|U^,„(«n) (4.13) 

where C > is independent of / and x E R^. 

Combining the inequahties (4. 11), (4. 12) and (4.13) we obtain the proof of Theorem 5. 
In particular, for ip{x, t) — f^^^^ by virtue of Remark 2 we have the following Corollary. 

Corollary 3. [2] Let 1 < p < q{x) < q < oo and x G -R". Suppose that v{x) and w{x) 
are weight functions defined on i?" and satisfying conditions (4-8), (4-9) and (4-10) of 
Theorem 5. Let T he a sublinear operator satisfies the condition (4-7) of Theorem 5. 

Then there exists a positive constant C, independent of f , such that for all f e Lp^y{R"') 

||7'/||Lg(.),„{R") < C'||/||lp,„{R")- 

Remark 6. Note that the condition (4-7) was introduced in [44]- Many interesting operators 
in harmonic analysis, such as the Calderon-Zigmund singular integral operators, Hardy- 
Littlewood maximal operators, Fefjerman's singular integrals, Ricci-Stein's oscillatory singu- 
lar integrals, Bochner-Riesz means and so on is satisfied the condition (4-7). In the case 
p{x) = p = const for classical Lebesgue spaces the Theorem 5 was proved in [47] (see 
also [18] and [33]). Also, for classical Lebesgue spaces in [16] and ]19] was found new type 
sufficient conditions on weights for Calderon-Zigmund singular integral operator, whenever 
the weight functions are radial monotone functions. In particular, the boundedness of 
certain convolution operator in a weighted Lebesgue space with kernel satisfying the generalized 
Hormander's condition was proved in [5[. 

Acknowledgement. Author was supported by the Science Development Foundation 
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